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Jlekninga 1

1.1 HNcyecisieHue BbICKA3BLIBAHUI

1.1.1 43wk

1. TIpomosunuoHaJIbHBIE TIEPEMEHHBIE
Al — Gosbinas 6ykBa HavaJsIa JATHHCKOTO ajdaBuTa

2. Cs3km
« , 3 — BBICKA3bIBaHUSI
~—

Torna (a — 8), (&), (aV B), (—a) — BbICKa3bIBAHUSA

1.1.2 Mera u npegMeTHbIE
e o, 3,7,...,,%,... — MeTallepeMeHHbIe JJIs BbIPasKeHUN
e XY, 7 — MeramepeMeHHbBIE /I TPEIMETHBIX ITePpEMEHHbIE

Merabipakenue: o — 3
IIpeamerroe Boipazkenne: A — (A — A) (3amenmwn « Ha A, § Ha (A — A) )

Hpumep qeprIl\/I — IIpeJIMETHbIC BbIpazKeHUd, CunuMm — MeTaBbIpa>KEeHU A

(X—>Y)X=AY =B]=A—B
(o= (A= X)ja=A,X =B =A— (A— B)

(a0 (A—-X)ja=(A—-P),X=B|=(A—-P)—(A— B)

1.1.3 Coxkpaniesnue 3anucu
o V, &, — — ckoOKH ciieBa HANPABO(JIEBO-ACCONUATUBHAS )
e — — IIPaBOACCOLUATHBHAA
e IIpuwopurer mo Bospacranmio: —, V, &, =

IIpumep. PaccraBienne cKoO60K
(A= ((B&C) — D))

(A= (B—=0))

3



Jlexnns 1 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

1.1.4 Teopusa mozeeit
] P — MHOZKECTBO IIPpEJIMETHBIX IIePEMEHHBIX

e [[]: 7T —V,tne T — mHOXKecTBO BbicKasbiBanuii, V = {U, JI} — MHOXKeCTBO HCTHHOCTHBIX
3HaYeHU

1. [z] : P = V — 3amaercs npu oneHke
[[HA::vl ,B:=vqy .

[ ] P =71
o P = V2
2. [axB] =[] * 18], toe x € [&,V, 1, =]
onpeaeseHHO
€CTBEHHBIM 06pa30M
IIpumep.

[[A N AHA::I/I,B::II — [[A]]A::I/I,B::II N [AHA::I/I,B::JI —M=UN=U
Tak>ke MOXKHO 3aIMCaThb TaK:
[[A N A]]A::I/I,B::H _ f_}([[A]]Ai:H,BI:H’ [[AHA::I/I,B::JI) — f—> (I/L I/I) -1

, oie [, ompejiesieHa Tak:

1.1.5 Teopus J0oKa3aTeILCTB

Onpe,ae.neHne. CxeMa BBICKa3bIBAHUS — CTPOKa COOTBETCBYIOIIad OIIPEAEJIECHUIO BbICKa3bI-
BaHu4g, C:

e MeTallepeMeHHbIMA «, 3, . . .
Onpenesnenne. AkcroMa — BbICKA3bIBAHUSL:
l.a—= (8-«
2. (a=B)=(a—=p—=7y) = (a—7)
a— B — ak&f
a&f — «
a&p — p
a—aVp
B—aVp
(@=7) = B—=7) = (aVi—=9)

(a—=pB) = (a—p) =«

© »®» N e e w

10. =—a — «
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Jlexnns 1 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

1.1.6 IIpaBusio Modus Ponens n moka3aTejabCcTBO

Onpenesnenne. JLoka3aTeabCTBO (BLIBOJ) — MOC/IEA0BATEILHOCTD BHICKAZBIBAHUN V1, . . . , iy,
e «;:

® aKcmoMa
e cyiecTByeT k,l < i, 9TO ) = ap — @

A, A— B
B

Ilpumep. HA — A

1|A—-A - A (cxema akcuoM 1)

2| A5 (A A) - A (cxema akcuom 1)

3/ (A0 (A—-A) 5 (A= (A= A) > A) - (A— A) (cxema akcuoM 2)

4| (A= (A—=A) A > (A=A (M.P. 1 u3)

5| A A (M.P. 2t 4)

Onpegenenne. J[oKa3aTeabCTBOM BbICKA3BIBAHUA 3 — CIIUCOK BBICKA3BIBAHUIL (U, . . ., (y

® aj,...,Q, — JOKA3ATEIHCTBO
e a, =0

ITMO y2019 Page 5 of 49



Jlekninga 2

O6Go3znauenme. ', A, Y — cuucku BbICKA3bIBaHUI
Onpenenenune. Crenopanue: ' F «, eciin

b F:717"'77n

e Bcerna xorma see [v;] = U, 1o [a] = U

IIpumep. F o — a 0bIIIE3HATNMO

Onpenenenune. Feopwst Vcancienne BBICKA3bIBAHUN KOPPEKTHA, €CJIU MPHU JIOOOM o m3 F «
cienyer F «

Onpenenenue. lcuuciienne 1moJiHO, ecju pu JiroboM « u3 E « caemyer F «

Teopema 2.0.1 (o genykumm). I', o b 8 Torma n toapko torma, korma I'F o —

,ﬂo%asammbcmeo.

(<) Oyers TH a — 8.
T.e. cymecTByeT JI0Ka3aTENIBCTBO 01, . . ., Op, T 0y = a0 — 3
ITocTpouM HOBOE JOKA3aTeIbCTBO: d1, . . . , Oy, c(runoresa), S(M.P.)
DTa HOBasl MOCIEI0BATEIBHOCTh — J0Ka3aTebcTBo L', o - O

(=) Paccmorpum 4y, ..., 0, — mokasarenscrtso I', o -

01 a—>61

o, o — 0y,

VTBpexKIeHue: IoCaeI0BaATeIbHOCTD 071, . . . , 0y MOYXKHO JOIIOJHUTD 10 J0Ka3aTe]bCTBa, T.€.
KaXKJIbIit 0; — aKcruoMma, TunoTe3a min mnoaydaercsa mo M.P. Jlokakem 1Mo WHIyKIHH:
Baza: n =0
Ilepexoi: IycTh 0y, . . . , 05, — JOKA3ATEIBCBO. TOTJA Opy1 = & — Opq1 110 TPEM BapHAHTAM:
1. dp41 — AKCHOMA WJIM THIIOTE3a Z (v
2. dpy1 =«
3. (Sk E(gl — 6n+17 k,l <n

JokazkeM KaxKJIbIil 13 TPeX BAPUAHTOB



Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

Jlexrust 2
1.
(n+ 0.2) | dpt1 (akcmoMa WM rUIOTE3a)
(n+04) | ny1 > a— 1 (cx. akc. 1)
(n+1) o — dpy1 (M.P. n+0.2,n 4+ 0.4)

2. (n+0.2,n4+0.4,n+0.6,n+ 0.8,n+ 1) — moKa3aTeabTBO (¥ — (¥

(]f) a—>(al—>0n+1)
() a— oy
(n+0.2) (a—=d)— (a—= (0 = dpt1)) = (@ = dpy1)  (cx. 2)
(n+04) (a—=d = dpt1) = (@ = dpt1) (M.P. n+0.2,1)
(n+1) o= Opt1 (M.P. n+04,k)
O
Teopema 2.0.2 (o koppekrrocru). Ilycrs - «
Torna F «
Jokasameavcmeo. Nnayknus mo Jymae ToKasaTeabeTBa: Kaxnaa [6;] = U, ecm 6y, ... ,0, —
JIOKA3aTeIbCTBO (
Iycrs [61] = U, ..., [§,] = U. Torma ocH. dy41:
1. 6p4+1 — aKcmoMa
(a) dpt1 = a = B — a (Cymecsyior «, 3, 910)
Ilycts 641 = A —> B — A . Tormaa= A, =B
[a = 8 — olel=alfl=b — 1
a b |B—-a ‘ a— =«
JoJ1 | u
J 1’| Ja u
nu Jjg|u n
n m|u 141
2. 6n+1 — M.P. (Sk = 5[ — 5n+1
Duxkcupyem onesky [0x] = [0;] = U, Torma [6; — 6p41] = U
[0  [6n4a]  [6k] = [60 = Snia]
A H "
A B "
7 A +
nu u n
T.e. H5n+1ﬂ =1

Teopema 2.0.3 (o nomrote). Ilyers F o, Torma b «

wwz{“ pr=n

O6o3Hauenue.

~a [A] =11
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Jleknus 2 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

Zloxaszamenvcmeo. PurcupyeM HAOOP MepMEHHBIX U3 o Py, ..., Py
Pacemorpum [ Pr=21Pri=tn — T, TTokaxem, qaro [z1]7,..., [z,]7 F [a]®.
Wuaykius o pymHe GopMysibl (10 CTPyKType)

@Z o= Pz [P,']Pi F [PZ]P1

Ilepexom: myets 1, C: A F [n]7, A [¢]¢. TTokaxem, aro A - [ * (], tie x — Bee cB3gKn
Ucnonbays nemmy: F a, T.e. [21]71 ... [2,]F" F [a]®. Ho [a] = U npu moboit orenke,

re. [x1]71, ... [2,]P o ipu Beex x;
L T
O
Jlemma 1.
e I'nk(
o I''mk(
Toda Tt ¢

Jlemma 2. [wl}P] PRI) [wn]Pn + @, Mo [xl]Pla ey [xnfl]Pn71 Fa

2.1 HWHTyuIMoHUCTCKasl JIOTUKA

AV B — unoxo
Ipumep. JlokazxkeM: cymecTByeT a,b, ato a,b € R\ Q, no a® € Q
IIycrs @ = b = /2. Pacemorpum ﬁ\/ﬁ eR\Q

e Eciu mer, o OK

e Eciu ja, TO BO3bMeM a = \/5\/5, b=+2, ab = (\/5\/5)‘/5 = \/§2 =2
BHK-unrepuperarust. «, 3

e a&fS —ectb @, B

e oV 3 — ectb a siubo B U MBI 3HAEM KaKOE

e o — [ — ecTb c110cob 1IepecTpouTh o B 3

e | — koHCTpyKIHs 6€3 mocTpoeHuss o = o — |
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Jlekninga 3

3.1 IIpaBusa BbIBOJA

CBepxy IOCBLIKI, CHU3Y 3aKJII0YEHUS
e Akcuoma

ok

Bsenenne —
ok
'Fe—1y

VYrnamenne —

THp—y Tho
TFy

Beenenne &

Tky TF
' p&p

Vnanenne &

T'F &)
|
I'E p&p
'k

Bsenenne V
'k

THeVYy
'ty
TFoVy
o VYiasnue V
FokFp TyykEp TEHeVY
'kFp

e VYiajenune L
'L

'k



Jleknusa 3 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

IIpumep. ( )
— (akec.
A A
FAS A o)
Hpumep ,ZI;OK&)KQI\I FALBSBLGA
ALBFALB ™) (ya. &) ALBF AUB (axce.) (v, &)
A&B+F B ) A&BEF A ) (eB. &)
A& Bt B&A i (5. —)
FA&B — BA '

Onpenenenune. Ouxcupyem A
YacTu4HbIil TOPAI0K — AHTUCHMMETPUYHOE, TPAH3UTUBHOE, PedIIEKCUBHOE OTHOIIEHUE
JIuHeHBIN — cpaBHUMBI JII0ObIE 2 3JIeMEHTa

e a<bVvb<a

e Haumenbmmuii sjsemenT S — takoii k € S, yroecmu x € S, 0 k < x

e MunumasnbHblii 3j1eMeHT S — Takoit k € S, uro ver x € S, uro x < k

Her nanmensbimero, mo ectb 3 MuanMaabHbiX. CTpenka u3 a B b obo3Haqdaer b < a

IIpumep.

Onpenenenue.
e MHO>KeCcTBO BEpXHUX T'paHeii a u b: {x}a < z&b < x}

e MHO>XKeCTBO HM>KHUX I'PaHei a u b: {x|x < a&kx < b}

Onpenenenue.
e a+ b — HUMEHBIINI 3JIEMEHT MHOXKECTBA BEPXHUX I'DaHel
e b — HamboJbIINIA 31eMEHT MHOXKECTBA HUXKHUX IpaHeil
Onpepnesienne. Pemerka = (A, <) — crpyKrypa, rjie s KaxkKIbIX a,b ecTb Kak a + b, Tak u

a-b,
Te.a € AbEB = a+bceAua-be A

Onpenenenune. JductpubyruBHas penerka eciu Beerga a - (b+c¢) =a-b+a-c
JIemma 3. B ducmpubymuenot pewemke a+b-c= (a+b)-(a+c)

Onpenenenue. IlceBmomomnonHenue a — b = HaH6.{c|a -c < b}

Omnpenenenne. VIMmimkaTuBHas peHieTKa — peIIeTKa, IJie JJis JIoObIX a,b ectb a — b

Or[pe,/:[e.neHI/Ie. 0 — HaUMEHBIINHI JIeMeHT penieTkKu, 1 — maubosbInil jIeMeHT penieTKku

ITMO y2019 Page 10 of 49



Jleknusa 3 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

Onpepenenue. IlceBaobGynesa anre6pa (anrebpa lefiTuHra) — UMIIMKATHBHAS PeIIETKA
cO

Onpenenenune. ByneBa anrebpa — mcesnobyiesa anrebpa, Takas 9to a + (a — 0) = 1

Ipumep.
1
N
N\
e a-0=0
e 1-b=0b
ea-b=0
ea+b=1

a—b=mnan6.{z|a-z <b} =b
{:c|a~ac <} ={0,b}

e ag—1=1
e a—>0=0

Mozkem IpescTaBuTh B BUJIE Hapbl (X, Yy)

o a=(1,0)
o b=1(0,1)
o 1={(1,1)
e 0=(0,0)

Jlemma 4. B umnaukamusnol pewemxe ecezda ecmo 1.
Teopema 3.1.1. Jliobas anredpa l'efiturra — mozens 1B
Teopema 3.1.2. Jliobas Oyea anrebpa — momens KB

Onpegnenenne. Paccmorpum MuOKecTBO X — HOcHTeJb. Pacemorpum §2 C 2% — momaMHOoXKe-
CTBO TOJIMHOXKECTB X — TOMOJIOTHSI.

1. UX; e, e X; € Q
2. Xi1N---NX, €Q,ecin X; €
3.0, X e

ITMO y2019 Page 11 of 49



Jleknusa 3 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

Onpenesnenue.
(X)° = HaH6.{w’w C X,w — oTKp.}

Ipumep. Tuckpernas Tomosorus: {2 = 2% — mo6oe MuoxkecTBO 0TKpBITO. Torma (2, <) — 6ymesa
ajrebpa

Teopema 3.1.3.
ea+b=aUb
ea-b=anbd
ea—b=((X\a)ub)°
e o < b Torma m TOIBLKO TOTma, Koraa a C b
Torma (€2, <) — amre6pa leittumra
Onpenesnenune. X — Bce (GOPMYJIBI JIOTHUKH
e a<f—»svm0tp
e axf,ecmalkfuflta
e [a]~ = {7|7 = a} — knacc sxBuBanenTHOCTH
o X/~ ={lo)x| € X}
(X/~, <) — anrebpa Tefirunra
CsoiictBo 1. (X/~, <) — aneebpa Jundenbayma, 2de X,/~ — u3 UHMYUUUOHUCTNCKOT N02UKY

Teopema 3.1.4. Anrebpa leiitunra — nosmas mogens B

ITMO y2019 Page 12 of 49



Jlekniniga 4

4.1 Ynuopsgo4eHHOCTb

Onpenenenue. IIpenmnopsIoK — TpaH3UTUBHOE, pedJIEKCUBHDE

Onpenenenne. OTHOIEHUE MOPsAAKA (YACTUYHBI) — AHTUCUMMETPUYHOE, TPAH3UTUBHOE,
pedekcusHoe

Onpenenenne. JInHENHDBIN MOPAI0K — MOPSIOK B KOTOpOoM a = b mimm b < a

Onpenenenue. ITonHbI MOPAMOK — JUHEHHDIN, KayKI0€ ITOAMHOYKECTBO HMEET HAMMEHbIIIII
JIEMEHT.

Ipumep. N — BrosiHe yIOpsIOYEHHOE MHOYXKECTBO

IIpumep. R — He BIIOJIHE yHOPSJOYEHHON MHOXKECTBO
e (0,1) He UMeen HAMMEHBBINErO

e R He nmeer HAMMEHBIIIEI'O

4.2 Tabaumunbie Moaesn

Onpenenenune. Hazosem mozmens Tadbsauyano 1isa NB:

o V — MHO>KECTBO UCTUHHOCTHBIX 3HAYUEHUI
.12 .
f—hf&afV'V _>Vaf—'V_>V

Beijenennnie 3navenuss T' € V

[pil €V fpipi =V

o [pi] = fr(pi)
[ax 8] = fu([a], [8])
[-a] = f-~([a])

Eeasr+a+ro F o osnavaer, uro [of = T', upu joboii fp
Onpenenenne. Koneanas Momesab: Momeab e V — KOHETHO

Teopema 4.2.1. YV NNB ue cyriecTByer mMOJTHON KOHEIHON TAOIMIHON MOIEIN

13



Jlexmus 4 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

4.3 Moaenn Kpunke
Bce Ganku JjionuyT, RSA ciomator!!!

+

P=NP?

RSA ycrour

1. W ={W,;} — MHOXKeCTBO MUDOB
2. YACTWYHBIN MOPSIOK ()

3. oTHomeHue BBIHYzKaeHHOCTH: W) IF p;i
(FH)CWxP
IIpu srom, ecmm W Ik p; mw W; X Wy, To Wi, I p
Onpenenenue.

1. W; Ik au W; I+ 3, Torma (u Tonbko Torma) Wi Ik a& S

2. Wik oo mm Wi Ik 3, o Wi IFaV

3. Ilycrs BO Beex W; = W; Bcernma xorma W, I- o nmeer mecto W I- 3
Torma Wi IFa — S

4. Wi Ik mae — o me BpIHy2KIeHO Hure, nadunad ¢ W: Wy X W, o W; I «

Teopema 4.3.1. Ecim W; IFau W; K W;, o W; IF «
Onpenenenne. Ecoiu W; IF o npu Bcex W; € W, 1o E a
Teopema 4.3.2. NIIIB koppekTHa B Mojesn Kpunke

Joxasameavemso. 1. (W, Q) — romomorus, rje Q = {w C Wlecim W; € w, W; X W, to W; €

w}

2. {Wi|Wi IF p;} — OIKpLITOE MHOMXKECTBO
Ipmvem [p;] = {Wi|Wy IFp;}
Ananornuno [af = {Wi|Wy, IF o}
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Jlexmus 4 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

4.4 Jloka3aTeJbCTBO HETAOJIMIHOCTH

Iycrb cymecTByeT KOHeIHast TabauaHas Mozens |V | =n

Pn = \/ (pi — pj&p; — pi)
1<i,j<n+1
i#]

L Ve

Wy D1

W D2

/.
.

W41 Pnti

Wy

Wil (pi — pi)&(pr = p1), k#1
3HaYUT
7 (pi — pj)&(pj — pi)

7 \/ (i = p;)&(p; — pi)
V on

2. Fy ¢p: mo npusnaky dupuxie maitnyres @ # j @ [pi]] = [pj]
[pi = ps] =W n[pn] =1
3uaunr F @, — nporuBopevne

Onpenenenune. InszbioakrusHoctb UNB: - oV 8 Baever - o win - S

Omnpenenenne. ['énernesa anrebpa — anredopa leiitunra, Takast uro u3 a + § = 1 caegyer 9To
a=1wm =1

Onpenenenune. Ilycrs 2 — anrebpa leiitunra, Torma:

1. T()

1 w
OF

Hobasum HoBbIH 3/1eMeHT 1r(g) MepenmMenyem lg B w

Teopema 4.4.1.

ITMO y2019 Page 15 of 49



Jlexmus 4 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

e I'(A) — asrebpa lefitunra

e I'(2) — TenesneBa

Onpenenenue. F'omomopdusm anredbp leitrunra

e p:A—->DB

* plaxd) = p(a)xp(b)
* p(ly) =1y

* p(0g) =0

Teopema 4.4.2. a < b, 10 p(a) < ¢(b)
Onpenenenue.
e o — dhopmyna UVB
e f, g: onenku NIB
o f: B — A
e g: IIB — B
¢ coryacosata ¢ f, g, eciu o(f(a)) = g(@)
Teopema 4.4.3. eciu ¢ : 2 — B cormacosana c f, g u orenxa [af, # 1y, 1o [a] f # 1y
Teopema 4.4.4. 1B 1u3bIOHKTUBHO

Loxazameavcmeo. Paccmropum anredbpy JIunmenbayma: L
Pacemorpum I'(L)

o v:I'(L)—=> L

1 m:‘z:w
(p(l‘) :{ L 9 1F(L)

xr  ,dHaYe

(0 — roMoMOpduU3IM

IIycrs = oV 3, Torma [aV B]rz) = L)

[+ 8] =1, urk. I'(L) — Tenenesa o [a] =1 nm [5] =1

Iycrs t o u i/ B, rorma ¢([o]) # 1z u o([B]) # 1z, 1e. [az # 1z u [B]lez # 1z, Torma
lelrey # 1rey m [Blre) # 1rc) = Ilpormsopeune O
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Jleknimdga 5

5.1 IIporpammbi

uporpamma(byHKIms )

e P:a— [ — Geper «, Bo3Bpalaer

e P — nmoKa3aTesbCTBO, 9TO U3 (v CJemyeT [3

IIpumep.

f+A— A— f nokaseBaer uro, u3 A ciemyer A

JIOTMYECKOK HCYeCJICHUA

TunusupoBanHoe A-ucUec/jeHue

Jiormaeckas popmysa
JIOKa3aTeIbCTBO
JoKaszyeMasi (popmyia
_>

&

V

IIpumep. 5 noxkaswiBaer Int

Ipumep. Croucox:

THII
3HAYEHHE

obuTaeMblii TUII(UMeeT XOTsi Obl OJIMH SK3EMILISAD )
dyHKIMS

YIOPsiIOUEeHHAs Tapa

AJIT. TUII(THI-CyMMa,)

Type list = Record
Nul: boolean;
case Nul of

True : ;
False : Next: ~list;
end;
struct list {
*1ist next;
};
Eciu next == NULL — TO KOHeI]

IIpumep. epero:

17



Jleknus 5 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

struct tree {
treex left;
tree*x right;
int value;

};

Onpenenenne. OrmedeHHOE (U3 BIOHKTHOE) 00bE[MHEHUE MHOKECTB:

e A, B — MHOXKECTBa
e AUB={(*A%a)la € A} U{(“B* a)|b € B}

IIycts S € AU B. MbI 3H8eM OTKYIa S

data List a = Nil | Cons a (List a)
example = Cons 1 (Cons 2 (Cons 3 Nil)) -- [1; 2; 3]

union {
int a;
char b;
}s
IIpumep.
Nil Cons
'ra—-y T 8 =~y Favp
'k~

int

let rec count 1 (¥ a+ [ *) =
match 1 with
| Nil (* « *) -> 0 (¥ o — int *)
| Cons(hd, tl) (* B *) -> 1 + count tl (* [ — int *)

5.2 MHWcuucnenue npenKaToB

Onpenesnenue. f3bIK NCYNCTICHUS TPEIUKATOB
[13 [T 113
® JIOrMYeCKUe BbIPaXKeHUsd “npeaukaTsr /“HopmyJibl
® IIpeJMETHBIE BBIPAYKHUS “TepMbI”

© — mMeTamepMeHHBIE [IJIsT TEPMOB
Tepwmnr:

e ATOMBI:

— a,b,c,d,... — IpeaMeTHBIE TIepEeMEHHbIE

— X,Y, 2 — MeTallepeMeHHbIC JIJIsI IIPEJIMETHBIX ITEePMEHHbIX
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Jleknus 5 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

o Oyukmuonaabable CHUMBOJIBI

— f,9,h — OyHKINOHATIBHBIE CUMBOJIBI( METATIEPEMHHBIE)

— f(©4,...0,) — npumenenne QyHKINOHAIBHLIX CUMBOJIOB

e Jlormvueckue BBIPAYKEHUSI:
Ecmu n = 0, 6ymem niucats f, g — 6€3 cCKOOOK

— P — MeTanmepMeHHBIE JJIsl TPEIUKATHBIX CHMBOJIOB

— A, B,C — upeaukaTHbBIA CUMBOJI

— P(©4,...,0,) — IpuMeHeHHUEe PEIUKATHBIX CUMBOJIOB
- &,V,,— — CBuasku

— Vz.p u Jx.¢0 — KBaHTOPBI
KBAHTOD > < [lepPEeMEHHasl > .< BbIPazKeHUe

5.2.1 CokpallleHue 3amnucu

N.B + xkamnocts V, 3
MetaBbIparkeHue:

V. (P(x)&(Vy.P(y)

KsanTop cbhenaer Bce 94TO [AIOT, T.€. UMEET MUHUMAJIbHBIA IPHOPUTET.
IIpaBusbHBIN BapuaHT(HACTOSIIIEE BHIPAYKHAE):

Va.B(A)&Vb.B(b)

5.2.2 Teopus monesieii
Onenka GpOPMYIBI B HCYUCICHAN IIPEIUKATOB:
1. @ukcupyem D — mpeaMeTHOEe MHOXKETBO
2. Kaxonmy fi(x1,...,2,) conocraBum dyskimo D™ — D
3. Kaxzaomy Pj(x1,...,2m,) conocraum dynknuio(npeaukar) D? — V
4. Kaxmoit x; cormocraBuM 3jeMeHT u3 [

IIpumep.
Va.Vy. E(z,y)

Yrobbr onpeaenntsb popMyay cHadasa onpemeaum D = N

n jz=y

E(%,y){JI vty
o [2] = fa,

o [a* ] — cmorpu B
e [P©1....0)] = fr.([€1]......[0.])
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Jleknus 5 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

o [£i(©1,---,0n)] = fr,([61],- -, [On])

o
N, ecin [¢]/+=% = 1 npu Beex k € D

JI , unade

[Vz.o] = {

U ecin [p]/*=% = 1 upu nexoropom k € D
[Bx.¢] = T
, MHAYe

[V Ny.E(z,y)] = J1
k. [B(z,y)]*=b ¥=2 = ]I

IIpumep.
ve>[0] 3NV [n] > [N] <

CunuM ormedeHbl BDyHKIMOHAIBHBIE KOHCTPYKIMU(TEPMBI), 3€JI€HBIM IIPeJIUKATHbIE
Ve.(e > 0) - INYn.(n > N) = (|lap, —a| < ¢)
O6o3naunM:

e (>)(a,b) = G(a,b) — npemukar

| @ |(a) = my(a)
(—)(a,b) =m_(a,b)
* 0() =mo

o a,(n) =mg(n)

Ve. G([e], [mo]) — Fno.Vn. G(n, ng) — G:(e7 m‘<m,(ma(n)7a)> )

5.2.3 Teopus nokazaTejbCTB

Bce akcumomsr 11.B + M.P.

(cxema 11) (Vz.p) — @[z := O]

(cxema 12) [z :=0] — Jz.p

Eciu © cBobosen fj1st OCTAHOBKYH BMECTO T B .

Onpenenenue. CBoOOAEH NJisl IOACTAHOBKU — HUKAKOe CBODOJIHOE BXOXKJIeHuEe r B © He
CTaHEeT CBS3aHHBIM

Ipumep.

int y;
int f(int x) {
X =7Y;

}
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Jleknus 5 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

Bamennm y := x. Koj ciiomaercs, T.K. y HAC HET CBODOJ JIJIsI ITOJICTAHOBKA

(IIpasuso V)
p =Y
=V

(IIpasumo 3)
Y=o
(Fzy) = ¢
B oboux mpaBuiax x HE BXOJIUT CBOOOJIHO B ¢

IIpumep.
! ? r=5—>22=25
r=5—=Vr.ar2=25

Me}K,uy Tr n 3}2 ObLIa, CB4A3b, MbI €€ Pa3pyHInJIn. HapymeHo OI'PaHUYICHHNE

IIpumep.
Jyxz=y
Vedyrx=y— Jyy+1l=y
Henaem 3ameny x := y+1. Hapymeno TpeboBamue cBOOO /11t TOICTAHOBKY. Y BXOJIUT B 00JIACTD

JefCTBUs KBAHTOPA J U 1IO3TOMY CBOOOIHAS [IEPEMEHHAs I CTAJIA CBI3AHHAS.
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Jlekninga 6

6.1 UVcuucieHue npeankaToB

6.1.1 PaccraBjenue ckoO0OK

KBaHTOpr UMEIT HAaUMEHBIITANR IIpUOPUTET

IIpumep.
Vr.A&B&y.C&D VvV 3z .E

(Va.(A&B&Vy.(C&D V 3z.(E))))

Eme pa3 mpo mpasmia TOIBKO CO CKOOKaMM

1.
o=
(Fp) =9
2.
Y=o
v — (Vo.p)
IIpumep.
o=
Fz.(p — )
— MOKHO JI0OKa3aTh, HO 9TO HE IIPABUJIO BBIBOAA JJIs I
OnpeneneHue. ai,...,Q, — JOKA3aTEIHLCTBO
® cCid (y; — AKCHAMOMA

e 6O cymiecTByeT j, k < 4, 9TO ap = aj — o
e b0 CymecTByeT o : o = ¢ — 9 u o = (Ir.) — 1) HpHIeM x He BXOMUT CBOGOIHO B ¢

® 70O CYTIECTBYeT j : & = — ¢ U oy = Y — V.o IpudeM T He BXOJUT CBOOOTHO B 1)

6.1.2 BxoxaeHue
IIpumep.

(P(r) v Q) — (R(@)&( Va.Pi(z) )
——

obsiacTh V 110 &

1, 2, 3 — cBobogambIE, 5 — CBA3aHHOE, IO IEPMEHEHHOIT 4
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Jleknus 6 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

IIpumep.
Va.Vy Ve Vy.Va.P(x)

obstacte V 110 T

3neck © B P(x) cBA3aHO. T HE BXOAUT CBOGOJHO B 3Ty (POPMyIy, IIOTOMY UTO HET CBOOGOIHBIX
BXOXKJI€HUN

OHpeﬂeJIEHI/Ie- HepeMeHHaH T BXOJIUT CBO60ﬂHO €CJIA CyIIeCTBYeT CBO60,HHO€ BXOXKJIeHne
OHpe/IeJIEHI/Ie- BXO)K,H,GHI/IQ CBO60ﬂHO, €CJIN He CBA3aHO

Moo orHOCHTCS K CBO6OILHO BXOJIAIITUM II€PMEHHBIM KaK C II€pMEHHbIM U3 6I/I6JII/IOT6KI/I7 T.C.
MBI HE UMeeM IIpaBa UX IIepEeuMeHOBbIBATH

IIpumep. HexkoppekTHas dpopmyaa
ar z=0—>2=0
ag (Jz.x =0) — (z = 0) — He mokazaHo

af (Ft.x =0) = (x = 0) — (upasumo 3)

Ipumep.
(n) x=0—y =0 — orkyza 10O

(n+1) (3z.2 =0) = (y = 0) — (upasuo 3)

6.1.3 CBobOogHbIE IIOACTAHOBKH

Onpenenenue. © cBOOOIEH JJIsl TTOJICTAHOBKY BMECTO & B (0, €CJIU HUKAKasl CBOOOIHAS TE€PMEH-
Hasi B © He cTaHeT CBA3aHHON B p[x := O]

Onpenenenue. p[r := O] — "3amenurs Bce cBOOGOJHbIE BXOXKIEHUA X B ¢ Ha O"
IIpumep.
(Vz.Vy.Vz.P(z))|z := y] = Va.Vy.Vz.P(x)
IIpumep.
(P(x) VVx.P(x))[z :=y] = P(y) VVz.P(x)
IIpumep.

(Vyz=y)lr:= y |=Vyy=y
~—~ 1
=0
FV(©) = {y} — cBobonubie nepmennsie B O. Bxox/eHne y ¢ HOMEPOM 1 CTAJI0 CBSI3aHHBIM
IIpumep.
Px)&Vyx=ylz:=y+z]=Ply+2)&Wyy+z=y
1

3/1echb IIpU HOJCTAHOBKE BXOXK/JEHHE Y ¢ HOMEPOM 1 CTaJIO CBSI3aHHBIM. & — OubJsimorednas byHK-
s, TIEPENMEHOBAJIN L BO YTO-TO JIPYTOE.
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Jleknus 6 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

6.1.4 IIpumep nokasaTesabCTBa

Jlemma 5. ITycmo - a. Toeda F Vo.o
Hoxazamervcmao.

1. T.x. F a, TO CYIIECTBYET Y1,...,7Y2 : Yn = &

(1) a!

(n) Tn(= @)
(n+1) A&A — A (axc)
n+2) a— ((A&A— A) — a) (axc)
(n+3) (A&LA — A) — (M.P n,n +2)
(n+4) (A&A — A) ->Vz.a  (BBemenue V n + 3)
(n+5) V.o (MP.n+1,n+4)

6.1.5 Teopema o geayKnuu
Teopema 6.1.1. Ilycts 3amana I') «, g

1. Ecmu I',a F B, o I' - @ — 3, npu ycsioBuu, eciin B jioKa3arenberse I, o -  He nmpumens-
JINCh TPABWJIA JJIst V, J 110 IEPMEHHBIM, BXOJIANINM CBOOOIHO B (v

2. EcmI'Fa— g, tol',ak g
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Jleknimga 7

e I'Ea — «acrenyer u3 I npu Beex orenkax, urto Bee v € I'  [v] = U, semonneno o] = U
e z=0FVYz.2=0
e r=0FVrx=0

Ounpenesnenune (Ycioue st KOppeKTHOCTH). [IpaBuiia jyist KBAHTOPOB 110 CBOGOIHBIM IIEPMEH-
HbIM u3 [ 3arpeniensol.
Torna I' - « Biewer I' E «

7.1 IloaHoTa mcdyecjieHusI IpeanKaTOB

Omnpenenenne. [' — HenmpoTuBopevunBoe MHOXKecTBO (opmyit, ecin ' I a&—a Hr npu kakoMm
@

IIpumep. Henporusopednssie:
L)
e AV-A
IIporuBopeynssie:
o AL—A

3ameuanue. HenpoTnBopeunBoe MHOKECTBO 3aMKHY THIX (HE IMEOIINX CBOJHBIX TIEPMEHHBIX ) Bec-
KBAHTOPHBIX (DOPMYJI

ITpumep. {A},{0 =0}

Omnpenenenue. Moaebio /s HEIPOTUBOPEIMBOTO MHOXKECTBA 3aMKHYTHIX OECKBAHTOPHBIX
dopmyn I' — Takas Momennb, 9To KaxKaas dpopmyiaa u3 [ onenmBaerca B U

Onpenenenne. IloHoe HEMPOTUBOPEUNBOE 3AMKHYTHIX O€CKBAHTOPHBIX (POPMYJT — TAKOE, ITO
JIIST KasKI0# 3aMKHYTOM 6eCKBaHTOPHOMN (hopmysbl o: aubo « € ', mubo ~a € T

O6o3HaueHue. 3.6. — 3aMKHYTad 6eCKBaHTOpHaH. HeIIp. MH — HEIIPOTUBOPEYUBOE MHO2KECTBO

Teopema 7.1.1. Ecsiu I' — menporuBopeunsoe MHOXKecTBO 3.0. dhomyn u o — 3.6. popmyiia.
To ym6o I' U {a}, mubo I' U {—~a} — menmp. Mu. 3.6. dopmyr

Joxazamesvemso. Iycts u I'U {a} u T'U {ﬁa} O
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Jlexmmst 7 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

Teopema 7.1.2. Ecau I' — menp. mMa. 3.6. oMy, TO MOXKHO TOCTPOUTH A — IIOJIHOE HEIp. MH.
3.6. dopmyisr. I' C A u B s13bIKe — CUETHOE KOJIMIECTBO (POPMYJT

Onpenenenue. @1, P2, Y3, ... — GOPMYJIHI 3.0.

[ ] FO =T
o I'y =TgU{p1} mbo I’y U {—¢1} — cMOTPsi YTO HEIPOTHBOPEUNBOE

o I's =T U{pa} mbo I'y U {—ps}

r =T

CsoiictBO 2. I'" — noanoe
CsoiicTtBOo 3. ['* — nenpomusopeuusoe

Aoxasameavemso. Ilycrs I F &=
Koneunoe moka3aTebeTBO 71, . . . Yy, YACTH U3 KOTOPBIX THIOTE3BL: Y1, - . ., Vk
vi € I'r,. BozemeM I'yax r,- IIpasna mau I'yax g, - B&B O]

Teopema 7.1.3. JIoboe 1mosHOE HEMPOTUBOPEUMBOE MHOYKECTBO 3aMKHYTBIX OCCKBAHTOPHBIX
dopmyn I' numeer Mozenb, T.e. cymecryer oneHka [[: ecim v € T, 1o [v] = U

Joxazameavcmeo. D — Bce 3anucu u3 HYyHKINOHAJIBHBIX CHMBOJIOB.
o [fi] — xoucranTa = “fi ¢
° [[f]zn(@l, . a@k)]] = uf;;n(cc + [[(_)1]] + LL7 « _|_ . + 447 « _|_ [[(-)k:ﬂ + 44)44

U PO,...,0,) el

JI unage

L] [[P(G)l,,Gn)]]:{

e cBOOO/IHBIE TIepeMeHHbIe: ()

TaK IMOCTPOEHHBbIE MOJIE/Ib — MOJIEJIb JIJId T. I/IH)IyKLII/ISI 10 KOJIMIECTBY CBA30K.
Baza oues.
Tlepexon a& . Tlpu sTom

1. Ecm o, el o] =Nu[fl=U10 a&pB €T
2. Ecm o, 8 ¢ T [o] # W wimm [B] # U ro a&f ¢ T
AHanoruuHo Jyist APYrUX Oomeparuit O

Teopema 7.1.4 (Temens o mosnore). Ecau I' — mosiHOe HEPOTUBOPEYMBOE MHOXKECTBO 3aMKHY-
ThIX (He GeCKBAHTOPHBIX) (DOMYJI, TO OHO MMEeT MOJIEJIb

Caedecmeue 7.1.4.1. Ilycrs F a, Torma - «

Joxazamenvcmeo. Ilycrs E «, HO t . Buagur {—~«} — HENPOTHBOPEYUBOE MHOKECTBO 3aMKHY-
oix dopmys. Torna {a} wm {—a} — wenp. mu. 3. d. Ilycrs {a} — wenp. mu. 3.d., a {-a} —
nporuBopednsoe. [Ipu stom —a - &6, —a F «, f&—F F a. ~at a, a F a. 3nauur - « O
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Jlexmmst 7 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

I' —nm3.0.
e nepectponm I' 8 'Y — mu.m. 6. 3. .
® 110 TeopeMme O cymiecTBoBaHue mosjenu: M & yogens s FA
e mokaxeM, uro M2 — momens wisa I — M

T'yg =T, rme Bce bopmMysbl — B npeIBapuTEIbHON HOPMATIBHOM hopme

Onpenesnenne. Ilpensapennast HopmanabHasi (popma — dbopmyia, riae VY. .. (1), 7 — dop-
MyJ1a 6e3 KBAaHTOPOB

Teopema 7.1.5. Eciu ¢ — dopmysia, To cymectByeT ¥ — B .., TO ¢ = Y u ) — ¢

Joxazamesvemso. I'o CTy CTH C--- CT*. T* =, T
Ilepexom: I'; — I'i1q

Pacemropum: ¢; € T';

TTocTpoum cemeiicTBo d.c. d{ — HOBBIE TIEPMEHHBIE

1. ¢; 6es KBAaHTOPOB — HE TPOTaeM

2. ¢ = Vxp — ;H‘OGaBI/IM Bce dopmynbl Buga Y[z = O], rme © — Tepm, cocroamuii u3 f:

6, df .. df g
3. p; = Jz.ap — mobasum Pz = d’]
Tit1 =T U {Bce nobasiieHuble GOPMYIIbI} — CUETHOE KOTMIECTBO O
Teopema 7.1.6. Ecsu I'; — menporuBopedunso, to ;11 — HempoTuBOpednBo

Teopema 7.1.7. 't — HEIpOTUBOPEIUBO

Caedemeue 7.1.7.2. T? = T'x 6e3 dbopmy ¢ V, 3
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Jleknimga 8

8.1 MWcuucienue npenKTOB

Teopema 8.1.1 (Tenens o noauore UII). VY ar060ro #.M.3.¢. (HEIPOTUBOPEYMBOIO MHOKECTBA
saMKHYTBIX opmyst) UIT cymecTByer Moziesb

Teopema 8.1.2. Eciu dopmyna p — zamkayTas dopmyaa WUIT
Torna maiimercs 1» — 3amkuyTast dopmyna ULl aro - ¢ — ¥ u ¥ — ¢. ¥ — ¢ TOBEPXHOCTHBIMU
KBaHTOPAMHU

Joxasameavcmso. Cm. J13 O

3ameuanue. Pacemorpum I' — H.M.3.¢. — pacemorpum IV — nmosmoe pacmmpenwue I, Iyers ¢ —
domymna nz IV, Torma maitgerca ¢ € IV, 9410 ¥ — ¢ MOBEPXHOCTHBLIMEA KBAHTOPAMHA H - (o — 1),

Fy—op

Joxazamenvcmeo meopemv, I'edean o noanome HII. PaccMOTpUM MHOXKECTBO KOHCTAHT (HYJIb MECT-
i .
HBIX DYHKIMOHATLHBIX cuMBosioB) — dj. Tloctpomy {I';} :

I"=TyCIhyCr2c---Cr,;C...
Iepexon I'; = T'j41: pacemropum Bee dopmyist w3 L'yt {y1,72,7s,. .. }
1. v; — dbopmyna 6e3 KBAHTOPOB — OCTABUM Ha MECTE

2. v; = Va.p — mobsaum k I'j11 Bce dopmyist Buna ¢z := O], rme © — cocTaBieH U3 BCex
&.c. UIl u xoHCTAHT BHUIA d’f7 ... ,d;?

3. v = Jz.p — nobasum oxuny dhopmyy — plr = d§‘+1]

VYrB. 1 I';4; HEnp., eciin I'; — Hemp.
Hoxaxkem ot mporusroro. ;11 F 8&—5

Loy, EB& B vielipg \ Ty
Ciby =y = =y, = B&—p

~; — 3aMKHyTOe — T. 0 meayknuu. Jlokaxkem uro I'; F &= o urmykiuu.
Fi H Y — €

TTokaxxem I'; F €, T.e. v momyuen u3 Va.§ wim Ve.& € T,
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Jleknus 8 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

(Vz.§) Bamernm, aro I'; - Vz.&

: 110 YCJIOBHIO
v =€ 1o mocTpoenuio 141
Vz.§ = (f[lz:=0)]) (akc. 11)

N——

(Va.€) > e 178 = e
Va.&
€ (M.P.)
(Fz.8)
—_—

Ty ér=df ) —e

Bamerum, uro df, | He Bxomut B €. amenny Bee df, | B I0KasaTebCTBe HA Y — HOBasl
nepMeHHasT
DiHé[z:=y]—e
Jyllr:=y] — ¢

(Fz.lx) — (Ft.Llz :=y))
(Fx.) — ¢
dx.&

WcnpaBurs

YrB. 2 ' —wenp. 'y — -+ = v, = B&0
Fmaxi(O..n) + B&ﬁﬂ

Buaunt ['yax — oporusopeunso, 'Y = I'* Ge3 KBaHTOPOB
Bnaunt y ' ectb Momens M

YrB. 3 yel', 10 [y =1
VHIyKIus: 0 KOJIMIECTBY KBAHTOPOB B Y. PaccMTophM:

1. vy =Vx.0
[Vx.d], ecam [6]*=" = U, k € D. Pacemorpu [§]*=", k € D. Kk couepKuUT KOHCTAHTBI
u -, k£ ocmbicienno Iy, § pobasnena ma mare q. Pacemorpum mar I'yax(pq) V2.6 ¢
[ max(p,q)+1 /06aBitena d[x := k. §[x := k| — menbie na 1 kBanTop, [d[z := k]| = U

2. v = Jx.0 — aHAJIOrUYIHO

Teopema 8.1.3. UII mepaspermmmo

Onpepnesienue. fI3BIK — MHOXKECTBO CJIOB. ZI3bIK L paspenmm, ecian cymecrByer A — anro-
PHUTM, 9TO TI0 CJIOBY W:
A(w) — ocranasiuBaercs B ‘14, ecm w € L u ‘0°, ecoin w & L
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Jleknus 8 Jlexnuu mo MaremaTudeckoit jioruke 4 ceMecTp

3amewarue. TIpobiema ocraHOBa: HE CyIIECTBYET ajrOPUTMa, KOTOPBII 110 IIpOrpaMMe JIJIs Ma-
muHa ThIOpUHTa OTBETHT, OCTAHOBUTCS OHA WJIN HET.
Iycrs £ — a3bIK BeeX OCTAHOB NPOrpaMMbl Jjisi Marmibl Thiopunra. £’ Hepaspenum

3amevarue. [a, b, ¢, d, e] = cons(a, cons(b, cons(c, cons(d, cons(e, nil)))))
A — ayndaBUT JIEHTDHI

Sy, r€A

e nil } — 0-mecTHBIE (byHKL[I/IOHa,JIbeIe CHUMBOJIbBI

C(a,b) — 2-mecTHBIe DYHKIMOHATIBHBIE CUMBOJIBI

bs, s € S — MHOXKECTBO BCEX COCTOSHUI, by — HaYaJIbLHOE COCTOSTHHE.
C (8¢, C(8p,C(8a,€))) C(84,C(Se,€))

3aBejieM TIpeIUKAT, KOTOPBIX OTBEYaeT ObLIO JIM COCTOsIHYE B TIporecce. HaganbHoe cocrosinne —
marnHa ThIOpUHTa 3aIyIeHa Ha CTPOKe o

R(OL, €, bO)

Ilepexosm;
(Swa bé) — (Sy7 bta <_>)

(8z,bs) = (Sy,be, )
Eciu nepMernenye 3aKOHHO, TO MOYKEM IIOCTPOHUTD [JIsl KarKI0r0 TAKUe IPABUIIA
Vz.Yw.R(C(sg, 2), w, bs) = R(C(sy,2),w,by)
... R(z,C(sy,w), by)
CrenaeM KOHBIOHKITHIO Bex 91n npasmwit: R(... )&R(... )& ... &R(...) = 3z.3.R(z,w,bp)

Ipumep.
1. R(C(sk,e),e,by) — nokasyemo(Mbl Tak ckazaiu) JIBuHEM roJBKY BIPaBO:

Vw‘v’yR(C(sk, J?), Y, bO) — R(J}, C(Skv y)a bl)
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Jlekninga 9

9.1 Teopust mepBOro mMopsaIKa

Onpenenenue. Teopus 1 nopsiaka — Vcueciienne npeankaroB + HeJormdeckne (pyHKImu +
IpeUKATHBIE CUMBOJIBI + HEJIOMMYeCKre (MAaTeMaTHICCKUE) AKCUOMBI.

Onpegnenenune. Byjaem rosoputh, uro N cooTBercByeT akcuomaruke IleaHo eciu:
e 3anan (') : N - N — unbextusHast GyHKIUS (111 PASHBIX 3JIEMEHTOB, PA3HbIE 3HAYEHMs )
esaman 0 € N:mera € N,uroa’ =0
e ccium P(x) — Hekoropoe yTBep:KJieHue, 3aBucdniee or © € N, takoe, yro P(0) u Bcerna,
korgma P(x), takxke u P(2’). Torna P(z)
CsoiictBo 1. 0 eduncmeerwit
Jokasameavemeo. P(x) = x = 0 smbo cymectByer t: t' =z
e P(0):0=0
e P(x) — P(a'). 3amernm, uro ' — He ‘HOJIB'
P(z) Bbimosaeno npu Beex © € N O

Omnpenesenne.
a b=0
+b=
¢ {(a +c) b=<

Mozxem OIIpEACJIUTh 3TO OIINPAafACh Ha JOKa3aTeJIbTBO

Onpenenenue.
e 1=0
e 2=0"
e 3=0"
o 4=0"

Bamaua 1. 2+2 =14
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Pewenue.
2 + 2 — 0// +ON — (O// + 0/)/ _ ((O// _"_O)/)/ — ((O//)/>/ — O//// — 4
Onpenenenue.
h—
0 b 0 0
(a-¢c)+a b=¢
Omnpenesenue.

CsoiictBo 1. a+0=0+a

Joxazamenavcmeo. P(a) = (a+0=0+a)
Baza P(0):0+0=0+0
Mepexon P(z) — P(a')
z+0=0+=x

2+ 020+
0+2' = (0+2z) onpenenenne +
(0+2z) = (x+0) upeanonoxenue
(x+0) =2’ onpenenenne +

2’ =12’ +0 omnpenenenne +

O
CsoiicTtBo 2. a+b =d +b
Joxazamenvcmeo.
b=0a+0=d+4+0
ad=(@+0)=a+0=d+0=d
b=c Ecrp: a+c =d +c Iokaxem: a + ¢’ =a’ + ¢
(a+d) = +c)=d+c¢
O
CsoiictBo 3. a+b=0b+a
Loxazameavcmeo. Baza b = 0 — cBoiicTBO
Iepexog a+c¢’ =c"+a,ecmma+c =c +a
a+d"=(@@+d)=(["+a)=+d = +a
O
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9.1.1 ®PopmasbHasi apudMeTuKa

Onpenenenne. lcyecaenne mIpeanKaToB:
o OyHKIMOHATbHBIE CUMBOJIBI:

— 0 — 0-mecrnbIit
— (/) — l-mecTHbrit
— () — 2-mecrHbIH

— (+) — 2-mecrHBIH

. (:) — 2-MeCTHBII IPeJIMKATHBIN CUMBOJI
AKCUMOMBI:

l.a=b—d =¥
2.a=b—-a=c—b=c
3.ad=bV—-a=b
4. =a' =0
5. a+bV =(a+0b)

6. a+0=a

7.a-0=0

8. a-bV=a-b+a

9. Cxema aKCHOM WHJLYKITVH:

(Yl = 0))&(Va.ip = (Plz :=2'])) = ¢
Z BXOJIUT CBODOIHO B ¥

CsoiictBo 1.
((a+0=a) = (a+0=a) = (a=a))

Jloxasamenvcmeo.
VYaVbNca=b—a=c—b=c

(Va¥bNca=b—a=c—b=c) >VVe(a+0=b—a+0=c—b=c)
YoVca+0=b—+a+0=c—=b=c
(VbVea+0=b—a+0=c—b=c¢)—>Ve(a+0=a—a+0=c—a=¢)
Vca+0=a—=>a+0=c—a=c
(Vea+0=a—a+0=c—a=c)—a+0=a—a+0=a—a=a
a+0=a—+a+0=a—>a=a
a+0=a

a+0=a—>a=a
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a=a
VoVca=b—a=c—b=c
(0=0-0=0-0=0)
(WN¥Nca=b—a=ctob=¢c) - (0=0—-0=0—-0=0) = ¢

Ucnpasutn O

Onpegnenenne. Jz.p(x) = (x.@(x))&Vp.Vg.o(p)&p(q) — p=q
Moxno rakzxke 3anucars 3lz.—3s.s’ = x wim (Vq.(Jx.2’ = q) V¢ =0)

Onpenenenune. a < b — cokparenne JIas In.a +n =b

Omnpenesenue.
=0
0 n=20

0(’”) = ’
0=1" n>0

9.1.2 BbIpazuMOCTh OTHOINIEHWIT W NPeACTaBUMOCTh (pyHKHIUii B dpop-
MaJibHOI apudmMeTnke

Ompenenenne. W C Nij. W — Bolpasumoe B (opMmaabHOil apudMeTHKe. OTHOIIEHUE, €CJIU
cyrmiecTByeT (hbopMyJia w co CBOOOIHBIMA NEPEMEHHBIMU X1, . . . , Ty. LlycTb k1,..., k, € N

o (ki,....ky,) € W, Torma F wlxy :==ky,..., 1, = ky

o (ki,...,k,) € W, Torma F —wlzy = ki,..., 2, := ky]
wlry :==01,..., 2, =0, =w(O1,...,0,)

Omnpenenenne. f : N" — N — npejcraBum B dopMasbHOR apudMeTnke, eciau Haligercs ¢ —
domysa ¢ n + 1 cBOOOTHBIMU IIEpEMEHHBIMA K1, ..., kypy1 €N

b f(k157kn) = kn+17 TO = @(E7~--,kn+1)

o Fz.p(ky,... kn,x)
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Jlexknimga 10

10.1 PekypcuBubie pyHKITIN

Omnpenenenne. f:N* - N

1. Z:N—=N
Z(x)=0

2. N:N—=N
N(x)=z+1

3. SkZNm%N
o fioeiifr: N SN
° g:Nk—>N
Sk g, f1, 5 i) (@1, ) = g(f1(Z), f2(T), - - -, fr(T))

, LTI T = X1,...,Tm
4. PLNF SN 1<k
Plé(xla"'axk'):zl
5. R(f,g) : N"*! - N — npumuTuBHasi peKypcus
o f:N" 5N
e g:N"2 4 N

flz1,...,zn) y=0

R m) =
<f7g>(y)x1’ " ) {g(y—1,R<f,g>(y—1,x1,...,xm),x17...,xm) y>0

Ipumep.
R(f,9)(0,z) = f(x)

R(f,g) (1,33) = 9(07 f(x)7$>
R<f’ g> (2,$) = 9(179(05 f(z),x),x)

Onpenenenune. [ : N — N — mpuMuUTUBHO-PEKYPCUBHAS, €CJIU HANJIETCS g — BBIPAXKEHUE
f aepes upumuruser Z, N, S, P, R, t.e. f(x1,...,2n) = g(T1,...,2Tpn)

Ipumep.
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e 1=S5(N,Z)
o (+2) = S(N.N)

o (+3) = S (N, (+2))
o (x2), =R(P},S(N,P}))

b a=0
f(a’b):{f(a—l,b+1) a>0

— 3710 1ouTH onpejesnenue +, r.e. f(xr,x) = -2

Pl =0
(x2)g =14 1! (@) v Ucnpasurhb
b+1 y>0

, TJe a — CYEeTUUK, b — mpeblayinee 3HAYEHNE, ¢ — T
o (x2) =S5((x2)q, P}, Pl)
Onpenenenue.
6. M{f):N™ - N — muanmMusanus
o f:N"tl 4 N
Mf) @1, 2m) =
— MHUHUMAJIBHBIA Y

fly,z1,...,2m) =0
Ecim f(y,21,...,%m) > 0 1Ipu Beex y, TO PE3yJIbTAT HE ONPEETeH

Teopema 10.1.1. (+), (), (z¥), (:), (1/), Je7etue ¢ OCTATKOM — MPUMUTHBHO-DEKYPCHBHbIE (byHK-
nyu

Jlemma 6. pi,ps2,... — npocmoie YuUcCAa.
p(i) : N = N, p(i) — p; — npumumueHo-pexypcusHas GyrKyus

Omnpenenenne. plog, k = maxt : n'|k — npumuTHBHO-peKypcUBHAsA DYHKIHs
IIpumep.

e plog; 120 =1

e plog, 120 =3

10.1.1 ®Pyskumsa AxkkepmaHa

n+1 m =0
A(m,n) =< A(m —1,1) m>0,n=0
Am -1, Alm,n—1)) m>0,n>0
JIemma 7. A(m,n) — He NPUMUMUBHO-DEKYPCUBHAA

MozkHO0 cKa3aTh 94TO eCJii €CTh TEKCT JJIMHHBI 1, KOTOPbI€ BBIBOAUT TEKCT JIJIMHHBI ki, TO TEKCT

JIIHEBL 1+ 1 He MOKeT BBIBOIUTH TEKCT Ooibire deM k¥ | Mcmpasurs
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10.2 Csas3b ¢ popmaabHOil apudmMeTnkoit

Teopema 10.2.1. f — pekypcuBHas GpyHKIUsI, Toraa [ mnpeacraBuMa B (popMasibHON apudme-
TUKE

Teopema 10.2.2. Eciu f npeacraBuma B popMasibHOM apudMeTUKe, TO OHa PEKYPCUBHA
Sameuvarue.

e - ¢ — nokazarenscrso () B DA

® J1,...,0, = ¢ — IOKA3aTEJTHCTBO

e ' — (dyukuus(pekypcuBHas), IpeBpalaomas 10ka3arejbctso B DA

=0 ecnu TOKA3aTEIHCTBO KOPPEKTHO
#0 ec/I He JIOKa3yeMo

C(p,z)
, TJe p — 3alliCh JI0OKA3aTeIbCTBa, T — (hopMyJIa
e Dopmyna §(p,x,y) — HOKA3ATETHCTBO

Sameuvarue. IIpobmema ocramoBa

0, ecitit p(x) ocTaHABIMBACTCS

1, ecin HE OCTAHABINBAETCS

P(p,z) = {

Q(p,x) =if P(p,p) = 1 then 0 else while true do;
Teopema 10.2.3. Ilpumuruser Z, N, S, P npejgcrasumbl B DA
oxazamesvbcmeo. APpryMeHTsI: X1, ..., Ty,

1. Z(z) :N—>N
f::xlle&xQ:O

2. N(z) : N> N

/
Vi=Ty =T

w

Pl(z,...,z5) : NF - N

ﬂé =21 = 01&xe = 20& . &y = a1 &L &x = w

<&xl=fvz> &rp = w41
i#l
4. S<gaf17"'7fk'>

Y Pl Pk

o (T1,- ) = T

Fry.3re. . Trpeer (T, o T, )& &0k (X1, - T, TE)&Y (T, - TR Tng1)
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Onpenenenue. [-dyukims Lenes

B(b,c,i) =bmod(1+c- (i +1))

Teopema 10.2.4.
® ap,ai,...,0; — HEKOTOpbIe 3HAUYEeHUT € N

Torna Haiigyres b u ¢, 9T0

/B(ba ¢, 7’) = a;

Zloxaszamenvcmso. | Jonenatn O

Samevarue. [-pyuxnus Legenst — npeacrasuma B GA

B(b,c,i,q) = (Bpb=p-(¢+c-(1+1i)+q&qg<b

Samevanue.

o M(f), f:N""l 4N

@($m+17.’151, sy xm,ﬁ)&Vyy < Tm+1 — "Sp(y7xl7 e >x’ma6)

,1oae (a <b)=(Ina+n=>b&-a=>

o xn)y =0 _y
R<gax1,...7xn> — f(.fl)‘l, , X )y y
9y — LRy —1,21,...,20),21,...,2,) y >0

. 3e3f.p(x, ... 20 f)&B(b, ¢, 0, f&
&Vy.y < &y — Iry.B(b,c,y,1y)&Iry11.B(b, ¢,y + 1,1y 1) & (y, 7y, 1, - -, Ty Tyt1)
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Jlektimga 11

11.1 T'epeneBa Hymepanus

Onpenesnenne. (Te7)

13
15

17

19

. 21
n123+6-27.3F
PP 25+6-2"-3F
zp | 2746 2F

Torma m3BecTHBIE QYHKIIUN OYIyT:

. =5
o (0)=1/o
o (1) =15
. ()=
e ()=1fo
OnpepnesneHne. "agd; ...a,_ 11 =2 % '.3 el ... p;a"‘lj

S . gmsih ... .prS"—l

Onpenenenue. Sy S; Sy =2

Bameuanue. p; — i-e mpocroe (p; = 2)
IIpumep. Ta = 071 = 227+6 . 325464 523+6

1 ecm p — reaesjieB HoOMep JJOKa3aTeJIbCTBa X
)

Teopema 11.1.1. Pacemorpum dyuxuio Proof(z, p) = {O
nHaue

Proof — pexkypcusua
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Teopema 11.1.2. Eciin dynkius npejicraBumMa B GopMasibHON apudMeTHKe, TO OHA PEKYPCUBHA

Zoxazameavcmeo. f: N" — N, 1.e. cymecrByer dpopmyiia @ ¢ n+ 1 cBOOOJHBIME IIEPEMEHHBIMUI

L1y ooy Tna1- Bema f(ky, ... kn) = kna
Oxunaem - @(ki,...,kp, kni1), T.. CyIIeCTBYeT NOKA3aTeIbCTBO & — IOCIIEIOBATEIBHOCTD
O1y..., 0t
Proof (Tpky, ..., kni17,7k7) =1
S(plog,,
M (S (Proof,

S <SUbStn+17 I_QO_‘ ) Pw%-l—h P'r?-‘rla ce P#i_ll? S <p10g2, P71+2>> )
S (plogz, P, 11)

Sameuarue. Subst — DYHKIMS KOTOpask MOJCTABJISIET apI'yMeHThI B (DOPMYJLY

Sameuarue. X — dopmyna GopMasbHONR apudMETUKA

0 ecom p — mOKa3aTENBCTBO X[To =T X |

1 wunade

Wl('—X—' , rp—l) = {
Peanuzarmust Wi depes Subst oueBmmana, Torma Wi npescraBuma B dopMaabHOU apudMernke
dopmymoit wy. o(z) = Vp.—wi(x,p) — “camonpumeHeHne & HeIOKa3yeMo™

F o(Fo)

OnpenesieHue. w-HEIIPOTUBOPEINBOCTD. 1€0pust w-HEIPOTUBOPEINBA, €CJIH JJIs JII000it (hopMy-
Jbl (x):

e ecm - p(0),F (1), .., To I/ Jz.~p(x)
JlemMma 8. Ecau meopusa w-HENpomueopesusa, mo Henpomueopeiusa

Jokasameavemeo. Pacemorpum () =z =z

Te. /dz.x #x O
Teopema 11.1.3 (Teuens o menosnore apudmernku Nel).
1. Eciu dopmanbiag apudmernka venporusopednsa, 1o K o(To7)

2. Ecin opmasnbhas apudmernka w-HenpoTusopednsa, 1o b —o(To7)
Joxazameavcmeo.
1. IIycrs F o(To ), T.e. cymmecTByeT p — rejesieB HOMED J0KA3aTEIbCTBA
Fo(om) FVp—wi(To,p)

C npyroit croponsr, Wi ("o, p) =0, Te. - wi(ToT,p)

ITMO y2019 Page 40 of 49



Jlekmns 11 Jlexnuu o MaremaTtudeckoit jioruke 4 ceMecTp

2. Mycrs F —o(ToT)
F Hp.wl (707"‘, p)
F —wi(ToT,0)

F—wi(FoT,1) o
b —wy (To,2) ¢ Mmade - o(ToT)

7 3p.wi(To, p)

Caedemesue 11.1.3.3. @opmasibast apudMeTnka co CTAaHIAPTHONW HHTEPIpeTAIneil HeoIHa,

Zloxaszamenvcmso. | onenatn O

Teopema 11.1.4 (Teuens o menonnore apudmeruku Nel B hopme Poccepa).

0 ecsm p — mokaszaresberso —x(Tx7)
W2 (ﬂf,p) -

1 wunadge
ws — dopmysia coorBercTByIOmas Wo
p(z) = Vp.wi(z,p) = 3q.q < p&ws(z, q)
1. Eciu dopmanbias apudmeruka senporusopedunsa, 1o tf p(Tp7)

2. Ecin dopmanbhas apudmernka Henporusopeuusa, To H —p(Tp7)

Onpenenenue.
Consis = Vp.—(T1 = 07, p)

7 — dopmysa coorBercrByiomas Proof(x,p), T.e. p — J0OKa3aTEIbCTBO T

Teopema 11.1.5 (Temens o menonnore apudmernku Ne2).
F Consis — o(To ™)

T.e. ecm mokazkeM, 4ro ecan dhopMaibHas apudMETHKa HEIPOTHBOPEINBA, TO ABTOMATHICCKI
(o), r.e. DA nporuBopeuynsa

Czrema. IIpourem uro mamucano B Teopeme: o(To 1) packpbiBaercad B Vp.—wi(To 1, p), T.e. ecan
dopmanbHast apudmeTnka HETPOTUBOPEINBA, TO HE CYIIECTBYET P, KOTOPBI JoKasbiBaeT o (7o),
a 3TO B TOYHOCTHU yTBepxKJeHne TeopeMbl Lesens o nerosmore Nel. T.e. sTa Teopema — dpopma-
Jm3anus TeopeMbl Lemenst o mermoamore Nel. ]

Caedecmeue 11.1.5.4. Hurakast Teopusi, copepzkaiiasi (GpOpMaJIbHY0 apudMeTuKy, He MOXKET J0-
Ka3aTh CBOIO HEIPOTUBOPEUYUBOCTH
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Jlekiimga 12

12.1 Teopuss MHOXKECTB

Onpenenenne. Teopust MHO>KECTB — TEOPHUS TEPBOIO MOPSIKA C HEJIOTHIECKUM IIPEIUKATOM
‘IIPUHAJTIEZKHOCTD (€) U CIIEAYIONMMU AKCUOMAME M CXEMAMU AKCHOM.

Onpenenenue. B — 6GunapHoe oTHomenue na X: B C X2
(a,b) = {{a},{a,b}}
snd (a,b) = J (U (a,0)\ [ (a, b>) = (b}
fst (a,5) = (ﬂ (a, b>) = {a}

Onpenenenne. a C b, eciu Vr.x €Ea—>x €D
Samevarue. Uro Takoe paBeHCTBO?!

e Duck typing: npunnun Jleiibuuna (aepazauanmocts) — A = B, eciu jyis jo6oro P P(A)
P(B)
a < b, ecin (a — b)&(b — a)

e Ompesenenne paBeHcTBa Kak ctpyKTyp B C (npuaiun oobemuoctn) — A u B coctosaT u3
OJINHAKOBBIX 9JIEMEHTOB

Onpenenenue. a = b, eciin a C b&b C a

Sameuanue. Ilycroe muOxkecTBO mmeeT Tun (), MHOXKECTBO C OJHAM 3JIEMEHTOB MMeeT THI 1 u
T.J. 3aIpeTuM 3alpPOChl ‘TPUHAJJIEIKUT' HA OJMHAKOBBIX THUIIAX

Omnpegenenne. “Ilpesukar P(x) — muoxecrso {z|P(z)}
Axkcuoma 1 (paseHcTBa). Pashbie MHOIICECMEA COOEPAHCAMCA 6 OOHUT U MET JHCE MHONCECTNEAT

VaVbVc.a =b&ka €c—b€cc

Axcuoma 2 (mycroro muoxkecrsa). Cywecmeyem &: Vr.—x € &

Axcuoma 3 (napni). Ecau a # b, mo {a,b} — mmoorcecmso

Ya.Vb.a # b — dp.a € p&b e p&Vtitep—>t=aVt=>
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Jlexmms 12 Jlexnuu o MaremaTtudeckoit jioruke 4 ceMecTp

Axkcuoma 4 (obveaunenus). Ecau © — nenycmoe mmodicecmeo, mo | Jx — mmoorcecmso

Va.(Jyy € x) —» IpVyy €Ep > sy € s&ks € x

IIpumep.
U 2,35 {431 =10 {2,3,{4}}
Iowemy 2 € p, motomy uro 2 € {2,3}, {2,3} €z
——

S

Axcuoma 5 (Crenenn). s mrnoocecmea x, cyuecmeyem P(x) — MHOMHCECTNEO 8CET NOOMHO-
orcecms
VedpVyyep+yCx

IIpumep.

P({a’ b}) = {®> {a}’ {b}’ {aa b}}
P({{4}}) = {o, {{4}}}

Axcuoma 6 (Cxema akcuom BbLiesierns ). Ecau a — muoorcecmeo, p(x) — dopmyaa, 6 Komopyio
e 6xodum c6060010 b, mo {x|r € a&p(x)} — mmoscecmeo

Vo.3bVy.y € b y € a&p(y)

Axcuoma 7 (Akcuoma Geckoneunoctu). Cywecmeyrom muoocecmsa N, makue, 4mo

g e N&&YVzx e N aU{z} €N

Teopema 12.1.1. Eciau  — MHOXKeCTBO, TO {Z} — MHOXKECTBO
Jdtactea=x
Joxazamenvcmeo.
e v =0, rorpa t = P(x), P(&) =0

o x# @, Torga s = {x, @} — akcuoma napsl, t = {z|z € s&z # @}

O
Teopema 12.1.2. a,b — mHOXeCTBa, TO @ U b — MHOXKECTBO
Joxazamesvemso.
e a =b, Torna a Ub = a 110 Teopeme
e a#b, rorma aUb=|J{a,b} no akcuome
O
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Ob6oszHauenue. a,b — MHOXKeCTBa, a U b = Takoe ¢
aCc&kbCc&Vttec—tecaVvVted
Omnpegenenne. a’ =aU {a}

Onpenenenne. OpanHAIBHBIE YUCIA

e 0=0
o 1=0'={o}
«2=0"={o} = {2 {o}}

Onpenenenune. MHOXKeCTBO S TPaH3UTUBHO, €CJIU

VaVbaecb&be S —ac S

Onpenenenue. MuoxkecTBO S BIIOJIHE yHOPSIAOYEHO OTHOIIEHUEM €, €CJIU
1. Ya.¥b.a # b&a € S&b € S — a € bV b € a — nuHelHBIH
2. Vit C S — da.a € t&Vb.bet — b=aVa € b— B 0OOM IIOAMHOKECTBE €CTH HAMMEHBIIIHIA
9JIEMEHT
Onpenenenne. Opaunan (OpauHanbHOE YUCI0) — BIOJHE YHOPSJIOYEHHOE OTHOIIEHUEM €,

TPaH3UTHUBHOE MHOXKECTBO

Omnpenenenne. IlpenesbubIil OpAUMHAI § 7% & — OpJWHAJ, HE UMEIOIINI TPE/IIIeCTBeHHNKA,

Vp.p' # s

IIpumep.
w={2,1,2,3,4,...}

OueBupno, uro w C N (U3 aKCHOMBI GECKOHETHOCTH )
Teopema 12.1.3. w — MHO>XK€CTBO

Onpenenenue.
a b=0
a+b=1{4 (a+c) b=

sup(a + ¢) eciu b — npeeIbHBII
ceb

Onpenenenue. supt — MUHUMAJIbHBIN OPJAMHAJ, COAEPXKAIIII BCe 9JIEMEHTHI U3

ITIpumep. {0,1,3} — opmunan?
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® YIIODsAI0YCHHBIN

® ¢ TPAH3UTUBHLIN

sup{0, 1,3} = {0, 1,2, 3}
IIpumep.
l+w=sup(l+c)=sup{0+1,1+1,2+1,...}

cEw

sup{1,2,3,4,5,...} =w

Ipumep.
wt+l=uw =wU{w}=1{0,1,2,3,...,w}
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Jlekiimg 13

13.1 Akcuoma BwIOOpa

Axkcuoma 8.

e Ha 11060M cemeiicTBe HElrycThIX MHOKECTB { Ag } ses MOXKHO onpejenuts dbyHKIuo f : S —
Ug As, KOTOpast 1o MHOKECTBY BO3BPAIIAET €T0 3JIEMEHT

o Jl1060e MHOXKECTBO MOYKHO BIIOJIHE YIIODSIJIOUUTD

e Jljis o6oii croppekTuBHOl dyukimu f : A — B, Haiigercs yactudno obparnas g : B — A,

9(f(z)) ==

Onpenesnenne. /IM3bIOHKTHOE CEMECTBO MHOXKECTBO — CEMEICTBO HEIePECEeKAIOMIIXCs
MHOXKECTB
D(y): VpVgpey&kgey >pnNg=9

Onpegesieane. IIpsaMoe TponusBeIeHAE U3 HIOHKTHOTO MHOXKECTBA,
X S ={t|Vp.p € S« Jlc.c € pke € t}
Axcuoma 8. Ecimm D(y)&Vit €y —t # &, o Xy # &

Teopema 13.1.1 ([duakomnecky). Paccmopum ZF(akcuomaruka Ilepmesno-@penkens) nosepx
NNII. Ecnn nobaBum akcuoMy BbIOOpa 10 F ar V —ax

13.2 Axcuoma byHAMPOBAHUS

Axcuoma 9.
Vex=0VIyy cxz&yNe =90

B KazKJ/I0OM HEIIyCTOM MHOXKECTB€ €CTb JJIEMEHT, HE nepeceKanmHﬁCﬂ C HUM

13.3 Cxema akcuoOM IIOJACTAHOBKU

ZFC — Zemelo-Frenkel Choice
Axcuoma 10. S — muoxectBo, f — dbyukiwms, 1o f(S) — MHOXKeCTBO, T.€. cyiiecTByeT hopMyIia

o(z,y):
Ve € S 3ly.p(x,y)
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IIpumep.

e

g —p(x)
{z € Slp(z)} = Uf(S)

13.4 MoniHocTh MHO>KECTBA

Onpenenenne. PaBHoMoIHOCTS |a| = |b|, ecoin cymecTByer Gueknust a — b

Onpenenenne. Ctporo GoJbliasi MOIIHOCTB |a| > |b|, ecom cymectByer f : b — a —
UHbEKISI, HO He OUeKIUsI

Onpenenenne. KapauuaabHoe 9uCIIO t — OpAMHAT X: JUisl BeeX Y € x: |y| # ||

Onpenesienne. MomHOCTS MHOXKECTBA |€| — Takoe KapuHAJIbHOE 9uCio ¢, 9o [t| = |z
JIemma 9. a,b — xapduraave u |a| = |b|, mo a=10b
Samevanue.

e 0,1,2,3,... — KOHEUHBIC KAP/IIHAJIBI

o Ny = |w]

e N — creayronmuit KapamHaT 3a N

Teopema 13.4.1 (Kanropa). Paccmorpnm S — mHOXKeTBO, P(S) — MHOXKECTBO BCEX MOIMHO-
JKECTB

Torma |P(S)| > |S|

Teopema 13.4.2 (Kantopa-Beprmreiina). Ecau a,b — muOXKecTBa, f :a = b, g : b = a —
UHBEKTUBHBI
Torna cymecrByer Oueknus a — b
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Jlekninga 14

14.1 Teopema JleBenureiima-CroJsema

Onpepnenernue. MOIITHOCTh MOAEIN
e D — mpeaMeTHOE MHOYKECTBO

Torma |D| — MomHOCTH MOIEIN

Omnpenenenne. Ilycts ecth ne momeau M, M'. M’ — snemenrapHas nogMonens M, ecin
e npemveTHoe MHOXKecTBO M’ C mpemMeTHoe MHOXKeCTBO M
e 1yCTh F)s o, TOTHA Fppr

e Bee dynknum u npenukarsr M/ — cy2keHme cOOTBETCTBYIOMUX (DYHKINA U IPEIUKATOB U3

M

Teopema 14.1.1. Ilycrs 3amana Teopus u momesb M. Bee ee dopmynbr 00pa3yoT MHO2KECTBO
T
Torma s Hee CyIIECTBYET 3JIeMEHTapHas MoaMoe s M’

|M'| = max(|T], o)

Jloxasamenvcmeo. Dy C Dy C Dy C ... — upejaMmerHble MHOXKecTBa. 1D; C D
D’ = D; — 77 upeaMeTHOE MHOXKECTBO

Paccmorpum Bce hopmystnt uz T'

OupeiesiuMm orepariuio npeobpaszoBanus D:

veT [eoly,z,...ax)]=U
Y,x; €Dy

c

Samevanue. “Ilapagokc* Ckosiema
WzBectHO, 9TO:

1. BellleCTBEHHbIE YHCJIa + MaTaH — CYETHO-aKCNOMAaTU3NPOBAaHHbI

2. |R| > Ny — BHyTpHU Teopum, HA IPEIMETHOM S3bIKe
3. V BelecTBEHHBIX YHCEJ €CTh CueTHas Mojedb |R| = Ny — mo Teopeme — BHEe Teopun, Ha
MeTasI3bIKe
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14.2 TIpo w
Onpegenenne.

0 b=0

a-b=4qa-ct+a b=~¢

Suchb{a -¢} b — upenesnbHbIit

Samevarnue.
Supw = w
WHwl=w+1

Hpumep. w-1 < w-2
wtw=sup{w+0,w+1l,w+2,...}

ITpumep. (a,b) > (¢, d), ecan
l.a>c
2. a=c¢c,b>d

(a,b) > w-a+b

l.a>c = w-a+b>w-c+d

2. a=c¢,b>d = w~a+b>w-c+d

Ipumep.
ww=sup{w-Qw-l,w-2,w-3,...}

IIpumep.

w? =sup{w,w - w,w-w-w,...}

Ilpumep. w+1

record:
i: integer,
case i of
0 : a: boolean;
1 : b: integer
end
end

Wcnpapurs

Ipumep. w+ w + 2

record:
i: integer,
case i of
0 : a: integer;
1 : b: integer;
2 : c: boolean;
end
end
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